In this paper, we analyze the variation of the gravitational action on a bounded region of spacetime whose boundary contains segments with various characters, including null. We develop a systematic approach to decompose the derivative of metric variations into orthogonal and tangential components with respect to the boundary and express them in terms of variations of geometric objects associated with the boundary hypersurface. We suggest that a double-foliation of spacetime provides a natural and useful set-up for treating the general problem and clarifies the assumptions and results in specialized ones. In this set-up, we are able to obtain the boundary action necessary for the variational principle to become well-posed, beside the canonical structure of the theory, while keeping the variations quite general. Especially, we show how one can remove the restrictions imposed on the metric variations in previous works due to the assumption that the boundary character is kept unaltered. As a result, we find that on null boundaries a new canonical pair which is related to the change in character of the boundary. This set-up and the calculation procedure are stated in a way that can be applied to other more generalized theories of gravity.
Introduction
Einstein-Hilbert action, which is defined on the bulk of spacetime, contains second order derivatives of the metric, the dynamical field of the theory. As a consequence, the variational principle is not well-posed for this action unless some additional terms, defined on the spacetime boundary (and its corners; see below), are considered. Therefore, the gravitational action consists of a bulk term and a boundary term (and corner terms as well). When the boundary is time-like or space-like, such a boundary action is given by the wellknown Gibbonse-Hawking-York term [1] . In the case of null boundaries, there have been investigations recently by various groups to propose the appropriate boundary action [2] [3] [4] [5] [6] .
Generally, the boundary action can be found directly by varying the action and using the fact that there appear some total variations that are required to be removed so that the variational principle becomes well-posed. The proper boundary action could be read from those total variations. This approach is explained in [7] and used to derive the boundary action on null boundaries in [2] for the first time. An alternative approach includes topological considerations where one seeks the boundary terms necessary for constructing the correct Euler character in the case of bounded manifolds [8] . The latter approach, while interesting, is only applicable for Lanczos-Lovelock theories of gravity, not to mention that it has not been used in the case of null boundaries yet due to difficulties. The variational approach has also this advantage that it gives, beside the boundary action, the canonical structure of the theory and physical degrees of freedom (see for example [2, 4, 9] ), whereas the topological approach does not.
The variation of gravitational action, beside the equations of motion, consists in a surface integral that, in general, is a functional of the metric variation and its derivatives. Explicitly, the Einstein-Hilbert action
when is varied, leads to
in which the first term gives the equations of motion and the second term is a surface integral that can be written as
where v a = ∇ a φ is the outward normal to the boundary, characterized by φ = const., and P abcd = 1 2 (g ac g bd − g ad g bc ) 4 . It is easy to see that the last expression in (3) contains the metric variation and both of its tangential and normal derivatives.
Generally speaking, one can disintegrate a surface term like (3) in the variation of action, with the aid of decomposition vis-à-vis the boundary hypersurface and writing different contributions in terms of geometrical objects associated with the boundary, schematically in the form Θ ∂V = δ(
where B i s are boundary segments: ∂V = i B i and C i s are co-dimension two corners, i.e. intersections of neighboring segment B i s. The first two sets of terms in (4) , which are total variations, suggest the boundary and corner terms to be included in the action on boundary segments B i s and corners C i s. As a result, the modified action will contain the bulk, the boundary and the corner terms:
and its variation does not carry the total variation terms so that the variational principal becomes well-posed. 4 The last expression in (3) is, in fact, the form of boundary term for Lanczos-Lovelock action in which P abcd = δL δR abcd . It is clear the P abcd has the symmetries of Riemann curvature tensor; see for example [10] .
The last two sets of terms in (4) give the canonical structure: the canonical pairs of configuration variables and their conjugate momenta (Q i , P i ) on boundary segments and (q i , p i ) on corners. The canonical structure of the theory gives clues to realizing the degrees of freedom. For General Relativity, the canonical pair on non-null hypersurfaces is well-known to be (h ab , K ab − K h ab ), where h ab is the induced metric on the hypersurface and K ab is its extrinsic curvature. The canonical structure of GR on null hypersurfaces, beside the the boundary action terms, has been examined recently, using variational methods in [3] [4] [5] 11] .
Here we describe a systematic procedure to find the canonical structure, beside the boundary and corner terms of the action, by decomposing the variations with respect to a frame adapted to the boundary hypersurface. An important point in finding the complete canonical structure is that it is necessary not to suppress any degree of freedom beforehand by imposing restrictions. The criteria that whether a variable is a physical degree of freedom of the theory is that if it enters in the symplectic structure or not. We discuss the usual restrictions on variations, especially those that keep the character of the boundary unchanged, and try to remove these restrictions and study the consequences. In particular, we show that one of the degrees of freedom is responsible for the change in the character of the hypersurface. Therefore, if we don't restrict the variation of metric to preserve the character of the hypersurface, we can obtain an extra degree of freedom entering in the canonical structure which is absent in [4, 11] .
In our calculational set-up, we benefit from a double-foliation of the spacetime. Such foliations of spacetime are proved to be useful in a variety of circumstances in gravitational physics. For example, it is unavoidable to doubly foliate the spacetime when dealing with null hypersurfaces and studying their dynamics (see e.g. [12] [13] [14] [15] [16] ). Usually, the double foliations introduced in these studies are formed by two sets of null hypersurfaces. However, the doublenull-foliation is not adequate for the cases where spacetime dynamics permits the evolution of null surfaces to become non-null. Following [4] , we use a framework where the double foliation is chosen to be general, i.e. the leaves of foliation are allowed to be of any character. This choice has the advantage of being free of any gauge-fixing beforehand. We show that double-foliation is also useful in non-null boundary cases.
The rest of the paper is organized as follows: In section 2, we review the known results for time-like and space-like boundaries, where we explain the procedure that we use for decomposition of metric variation and its derivative, as well as the geometrical objects associated with the boundary, to calculate the boundary and corner terms needed for modified action. Based on this procedure, in section 3, we consider the more tough case of null boundary segments and derive the canonical structure and boundary action in a systematic manner and find the canonical pair related to the change of the boundary character. In section 4, we generalize the setup in order to consider all types of boundaries in a unified treatment.
Non-null Boundary Segments
Suppose that the boundary segment B under consideration is non-null i.e. it is time-like or space-like. Let this boundary be a level surface of a scalar field φ. We define the 1-form n a through the spacetime adapted so that on the boundary, n a = N ∇ a φ = N v a . We also require n a to be normalized everywhere to ǫ (ǫ = +1 in the case of time-like boundary and ǫ = −1 for space-like one).
The boundary term (3) can be recast as
where h is the determinant of the induced metric on B and we have used √ −g = N |h|.
Decomposition with respect to the boundary
With the aid of unit normal 1-form n a , we can define the projector h a b = δ a b − ǫ n a n b to be able to decompose tensors perpendicular and tangent to B. For example, ∇ a n b , which we encounter frequently, can be decomposed as:
where we have used n a ∇ b n a = 1 2 ∇n 2 = 0 and the definitions of extrinsic curvature K ab of the boundary and the acceleration of its normal are:
Variations and their decomposition
The procedure that we use to analyze the boundary term is as follows: first we decompose the variation of spacetime metric δg ab with respect to the boundary, and definē
so that δg ab =δh ab + 2δu (a n b) +δµ n a n b .
Note that in our notations,δh,δu andδµ are not variations of any functions, especiallȳ δh ab = δh ab , butδh ab = h c a h d b δh cd . Then we consider the variation of n a . For n a = N ∇ a φ, with the assumption 5 δφ = 0, and therefore δ∇ a φ = 0, we obtain
On the other hand, the normalization condition of n a makes a relation between its variation and variation of the spacetime metric g ab , which is assumed to be the physical field. Therefore we have 0 = δ(n a n a ) = 2 n a δn a − n a n b δg ab = 2 n a δn a −δµ
Comparing eqs. (14) and (15), we find that
Note that in this set-up the character of the boundary cannot change; namely a space-like boundary remains space-like and so on. This can be seen by considering that under the metric variations, if we have n a → n ′ a = n a + δn a , then n ′a n ′ a = N ′2 (∇ a φ∇ a φ) ′ . As a result, for example, the variation of a space-like surface to a null surface yields (∇ a φ∇ a φ) ′ = 0, which indicates that N ′2 diverges and the set-up fails. Similarly, for a variation from a space-like to a time-like surface, there is no smooth variation. One can avoid this problem by using v a = ∇ a φ directly, instead of the normalized n a . An alternative approach is to use a doublefoliation of spacetime. This latter approach provides a deeper understanding of the problem in connection with the situation we encounter in the case of null boundary segments. We will discuss this further in section 4.
Decomposition of ∇ a δg bc
Now we are at the position to decompose the expression ∇ a δg bc , appearing in relation (3) . Taking a covariant derivative of (13), we find
that we need to decompose further with respect to the boundary. For the first term in (17) we have
where
, D a being the intrinsic covariant derivate of the boundary and we have used n b ∇ a (δh bc ) = −δh bc ∇ a n b , which results from n aδ h ab = 0. For the second term of (17), we have
where we have used n b ∇ a (δu b ) = −δu b ∇ a n b , which results from n aδ u a = 0. Finally, the third term of (17) yields
Replacing (18), (19) and (20) in (17) and using the decomposition of ∇ a n b in (7), we obtain
The expression (21) can be written in a more useful form in terms of δK ab and δa a . To this end, we compute the variation of K ab and a a in eqs. (8) and (9) and decompose them to find:
Then, we solve (22) for (23) for D a (δµ), and substitute them in (21) to obtain the final result for ∇ a (δg ab ):
This explicit expression for ∇ a (δg ab ) in terms of geometric objects and their variations is appearing here for the first time. It is a very useful expression in deriving the surface term and fining the boundary action of various theories. For example, for Lanczos-Lovelock theory, using the symmetries of P abcd , we find
The equation (25) coincides with the result of the recent paper [10] .
Disintegration of non-null surface term
For Einstein theory, where
in which we have used the fact that h a c h b dδ h cd = δh ab . Using (26), the surface term (3) becomes:
The first two terms reside on B, while the last term can be thrown on the boundary of B, which is a co-dimension two surface ∂B. To do so, we consider a foliation within B by ψ with ∂B as its level surface. Then the unit normal of ∂B, which is tangent to B, can be defined as m a = M ∇ψ. On B, we have √ −g = N |h| and on ∂B, |h| = M |q|, where h and q are the determinants of the induced metrics on B and ∂B, respectively. So (27) can be restated as
The first term suggests the boundary action that we need in order to have a well-defined variational problem, the well-known Gibbons-Hawking term. The second term gives the canonical pair of the theory. The last term is unsavory, because it is neither in the form of a total variation nor a canonical pair. The known remedy for this problem, as in [3, 17] , is to add up two such terms from neighboring boundary segments to build a total variation on their intersection. This leads to the so-called corner terms being usually the angle or boost parameter between unit normals of the two boundary segments. We evaluate the corner terms in a similar manner in the next subsection. At this stage, let us make some remarks on counting the degrees of freedom of gravitational field, when the spacetime has non-null boundaries. To identify the physical degrees of freedom in such a boundary value problem, one needs to realize the boundary data, which have to be fixed on the boundary to generate different solutions of equations of motion, beside the constraints imposed on those data or equivalences among the generated solutions. The canonical structure inferred from equation (28) characterizes the dynamical variables that their value and/or their normal derivatives have to be fixed on the boundary. For example, it is easily seen that the Dirichlet boundary conditions on a non-null boundary B is δh ab = 0. The pair of variables (h ab , K ab − K h ab ) are exactly the canonical pair of configuration and its conjugate momentum variables that emerge in the Hamiltonian approach to gravity. The induced metric h ab , as a symmetric rank-2 tensor on a 3-surface, has six independent components. The conjugate momentum to h ab , which is completely determined by the extrinsic curvature K ab , has also six independent components. These are twelve functions on the boundary segment B; but there are four constraint equations on these functions, namely the nondynamical subset of equations of motion:
These equations are called Hamiltonian and momentum constraints respectively. They effectively reduce the independent data to eight. Moreover, there are three gauge transformations on a 3-surface that specify the physically equivalence of every three solutions generated by different boundary data. These gauge symmetries leave five independent data. The last equivalence is due to the change of location of the boundary through the spacetime such that the same solution is generated [18] . At the end, there remain four functions that can be freely specified on the boundary to generate physically distinct solutions of the equations of motion. These are the numbers of field and momenta degrees of freedom. Dividing by two, one concludes that there are two degrees of freedom at each point of the spacetime for the gravitational field. This matches with the degrees of freedom of a massless spin-2 field propagating in a flat spacetime. Although this function counting produces the expected result, there is no clue to which functions are the free data and which are determined by the constrains and so on, without an explicit gauge fixing. In the case of null-boundaries, even this crude counting is problematic and needs further investigation. We will come back to this matter in section 3.
Corner terms
To see how corner terms come out, let's consider two boundary segments B and B ′ which intersect on the corner C = B∩B ′ . Near this corner, we adopt a double foliation by (φ, φ ′ ) such that φ = constant on B and φ ′ = constant on B ′ . In addition, n a = N ∇ a φ and n ′ a = N ′ ∇ a φ ′ are unit normals to B and B ′ , respectively. The advantage of using this adapted double foliation is that beside locating the boundary segments, it will give the foliation of each into sets of co-dimension two surfaces, with the corner C belonging to both sets. We consider the foliation of B with ψ to be induced by the foliation φ ′ of the space time. Then, m a , the unit normal to the co-dimension two surfaces in B, can be written as
in which ǫ = n · n = ±1, and ǫ ′ = n ′ · n ′ = ±1 are the normalization of unit normal vectors indicating the character of the boundaries B and B ′ , respectively. With this realization of m a , for the integrand of last integral in (28), we find
Similarly, the foliation of spacetime by φ induces a foliation in B ′ , with unit normals to the co-dimension two surfaces
and the contribution to the corner term is
Finally, the addition of these two contributions gives
where the expression of ϑ, for different cases of neighboring boundary segments, depends on their character and the value of n · n ′ as:
These results show that when the two neighboring segments of the boundary are of the same character, the corner term will be twice the parameter of the Lorentz transformation that converts one's normal to the other's on their joints (e.g the angle or the rapidity, depending on the value of n · n ′ ). In the case of two segments with different character, the result has found different interpretations as the boost parameter of the transformation (n, m) → (m ′ , n ′ ) in [3] or giving an imaginary contribution to the action [6] . With this result, third term in (28) of the two neighboring boundary segments contributes to make a total variation and a canonical pair on the corner between them:
Reading the boundary and corner action from total variation terms, one can write the proper action which has well-posed variational principle, in the aforementioned form of (5). We have seen how a double-foliation of spacetime is essential to find the corner terms. We have also mentioned before that double-foliation can help to resolve the problem of restrictions on metric variations that keep the character of the boundary unchanged. In the next section, where we treat the null boundaries, we see the unavoidable need to a double-foliation. Before ending this section, let us summarize the method that we have used here. We have derived the boundary action and corner terms beside the canonical structure of Einstein gravity, with a systematic approach. The summary of the procedure is as follows 6 :
1. Varying the action to find the equations of motion and surface integral in terms of covariant derivative of metric variation ∇ a δg bc : eq. (3) 2. Decomposing metric variation with respect to the boundary (similar to scalar-vectortensor decomposition in metric perturbation theory): eq. (13) 3. Taking derivative of the decomposed metric and decomposing the result. (Here we recursively use a substitution n a ∇ c T ··a·· = −T ··a·· ∇ c n a , for any tangential tensor T and use the expression (7) for ∇ c n a ): eq. (21).
4. Calculating variation of geometric object associated with the boundary similar to last step, as in (22), and solving ∇ a δg bc in terms of them, which ends in final expression: eq. (24).
5. Substituting the final result of the last step in the result of first step and disintegrating the surface term to total variations and canonical pairs.
In the next section, we follow the same procedure in treating the surface term of the Einstein theory in the case that the boundary is of null character.
Null Boundary Segments
Suppose that a segment B of the spacetime boundary is a null hypersurface characterized by φ 0 = 0. Then, ∇ a φ 0 ∇ a φ 0 = 0 indicates that the normal vector to the null surface is also tangent to it. As a consequence, the induced metric becomes degenerate and constructing a projector to the null surface just from its normal is not possible; particularly, if someone naïvely wants to use a similar prescription like the non-null case and take
and Π a b is not a projector onto the null hypersurface. The standard remedy is to introduce an auxiliary vector k a which lays out of the hypersurface and therefor ℓ a k a = 0 (for more details we refer the reader to [19, 20] ).
Normal frame and double foliation
We choose ℓ a to be normal to the null boundary. Therefore, on the null boundary ℓ a = A∇ a φ 0 . We introduce the auxiliary null form k a and take the normalization of these null forms to be everywhere
With the aid of ℓ a and k a , we define the projector (see [19] )
that essentially projects spacetime vectors onto the co-dimension two surface S, to which ℓ a and k a are orthogonal. A systematic approach to define these co-dimension two surfaces is to use a doublefoliation by two scalar fields (φ 0 , φ 1 ). The intersection of level surfaces of φ 0 and φ 1 are the co-dimension two surfaces S. In this foliation ℓ a and k a can be expanded generally as :
Three of four coefficients in the above expansions are determined by normalization conditions (38) and one remains free, due to the rescaling gauge freedom (ℓ a → αℓ a , k a → 1 α κ a ). On the boundary, we set the coefficient B = 0, so that the boundary is a level surface of φ 0 and we have ℓ a
Similar to the non-null case, we decompose ∇ a ℓ b and ∇ a k b as follows:
with definitions
where Θ ab and Ξ ab are extrinsic curvatures of S, ω a , η a andη a are twists, a a andā a are tangent accelerations of ℓ a and k a to S, respectively, and κ andκ are in-affinity parameters 7 . Note that we have used the defining conditions (42) and (43).
Variations and their decompositions
Similar to the non-null case, we decompose the variation of metric into a tensor, two vectors and three scalars defined on the co-dimension two surface S as follows:
So, the variation of metric is expanded as:
Again, we have to remind that in the right hand side of the above expressionsδ does not introduce a variation of some function especially:δq ab = δ(q ab ). It is mandatory that the variation keeps the normalization conditions of the frame forms ℓ and k unchanged. Thus, from normalization condition of ℓ, we have:
Similarly, from normalization condition of k:
Finally from the choice of dot product between ℓ and k:
Using the facts that q a b δℓ a = 0 and q a b δk a = 0 8 , the general solution of the above three equations are:
7 The quantity κ is called surface gravity in the case of a black hole horizon null surface. for arbitrary functionδβ, which is related to the rescaling gauge freedom. In appendix B, we derive the above equations in a double foliation set-up and find explicitly the relations between metric variations and foliation coefficients. There, we find thatδβ = δ lnD. Although ℓ a and k a remain null under variations, the boundary hypersurface in general dose not remain null. To see this, firstly note thatδµ 1 ∝ δB (as it is shown in appendix B). This fact, alongside the expansion (40), indicates that ℓ a will no longer remain normal to the hypersurface, ifδµ 1 = 0. Secondly, we note that the character of the boundary is defined by the norm of ∇ a φ 0 . So, under a general variation of the metric it changes like:
This shows that only if we takeδµ 1 = 0, the variations will be restricted to keep the boundary null. However, we don't choose this restriction and allow the boundary changes its character.
Disintegration of null surface term
Now we compute the surface term (3) on a null hypersurface. We can, as we have done in the previous section for non-null boundaries, calculate ∇ a δg bc and express it in terms of δΘ ab , δΞ ab , etc. This is what we will do in appendix C. But to obtain the boundary term in Einstein theory we can write directly the boundary term as
From eq(93) in appendix B we find
also from (98) for δκ we have:
Using the above equation for δΘ and δκ, the expression (53) reduces to
where we have used the fact that q c a q d bδ q cd = δq ab . For the term ∇ aδ u 1a we have:
where we have used
Using this we obtain:
Thus the surface term (3) yields to be
In the double-foliation (φ 0 , φ 1 ), on the null boundary we have √ −g = AD √ q and a a = 0 (as is shown in appendix A). Using these relations, we can rewrite the above result as
where we have used integration by parts
If the boundary segment B has the topology S d−2 × R, where S d−2 is a compact manifold, then s a = 1 D k a and we will have for the last line in (60)
where H is the determinant of transverse metric and the relation of its variation toδµ 3 has been proven in appendix B.
If we fix the scaling gauge by choosing D = 1 9 , we get the final expression for the surface term:
The first line of the above expression hints to which boundary action is needed in order to have a well-posed variational principle. The last two lines give the canonical structure on null boundary. In appendix B, we will showδu 1a = −δβ 1a andδµ 1 = −2 δB. These mean thatδu 1a andδµ 1 are indeed variation of the functions defined in the double-foliation of spacetime.
Substituting these relations in the second line of (64), we obtain the final expression for the canonical structure
The null canonical structure derived here coincides with previous studies, except for an important extra termκ δB that emerges here. This term contains a new canonical pair of the theory: (B , 2κ). This emergence is due to the removal of the restriction on variations, so that the boundary can changes its character. The new configuration variable B is one of the coefficients in equation (40), and its nonzero value makes the boundary B to become non-null. The conjugate momentum of this variable reads to beκ, the normal acceleration of transverse vector k a . With the complete null canonical structure in hand, we are at the stage of evaluating the number of degrees of freedom of the gravitational field in spacetimes with null-boundaries. Canonical pairs are (q ab , Θ ab − q ab (Θ + κ)) , (β 1a , 2 ω a ) and (B , 2κ), which sum up to 2 × (3 + 2 + 1) = 12 functions. This number matches with that of a freely specifiable function in non-null case, before considering the constraint equations and gauge redundancies. We note that the new canonical pair (B , 2κ) that is found here, is necessary for this matching. To reduce the number of these freely specifiable functions on the null boundary, we need to count the constraint equations and gauge redundancies imposed on them. The equation of motions decomposed with respect to the null boundary are derived in Appendix D. Separating these equations into dynamical and constraint equations, in this case, needs more careful treatment. We will address this problem in a future work [21] .
Revisiting the Non-Null: General Boundaries
As we have seen in the previous section, some variations change the character of boundary from being null to time-like or space-like. Naturally, one may expect the reverse to be also true, i.e. the space-like or time-like boundaries to become null under variation. We have seen that the standard set-up used in section 2 fails to include these kinds of situations. In this section, we benefit from the double foliation of spacetime, introduced in the previous section, to be able to consider such variations. But before that, we briefly mention another choice by using the non-normalized v a = ∇ a φ as the normal of the boundary for decomposition of variations. With this choice, the projector h ab becomes
where N = v a v a . Similar calculations to those presented in section 2 leads to the following integrand for the surface term:
where here
. Note that here under variation we have:
so that by δN = −N , the variations can turn the character of the boundary into null. Although the restriction on variations is removed in this approach and the total variation term is derived 10 , but realizing the canonical structure is problematic. This is because δh ab = h ′ ab −h ab is not meaningful when the boundary becomes null. Thereforeδh ab in the expression (67), in general, can not be replaced by a true variation of the induced metric. Now we return to applying the double-foliation approach and see how the aforementioned problems are resolved there. In double-foliation of spacetime that we use here, we take the boundary to be a φ 0 = cte surface, regardless of its character which can be space-like, timelike or null. We choose the frame to be the same as one in the previous section with ℓ a and k a having the normalization conditions (38) and expansion relations (40) and (41).
The procedure here is very similar to what we have done in the previous section, apart from the normal that we find from eqs. (40) and (41). to be
Unlike the previous section that the boundary was supposed to be null and therefore B = 0 on the boundary, here in general depending on the values of B and D, the boundary can be of any character. With a similar calculation we find 11 .:
It can easily be seen in (70) that for B = 0 (but not δB = 0 ), we get the result of previous section consistently. In the alternative form of (71), that total variations are produced, in order to rederive the null result, one should note that, variations are defined on the bulk and the boundary-defining relation B = 0 has to be applied after taking the variation. Therefore, for example we have: δ(Bκ) = B δκ +κ δB B =κ δB. From (71), the proper boundary action reads to be
in which the second term on the null boundary vanishes. But on the non-null boundaries, where B = 0, with the projector (66) in which N = − 2BD H , we can rewrite (72) as 2 B √ −g K, which coincides with the boundary action that (67) suggests. Therefore (72) provides a general boundary action for the Einstein-Hilbert theory, which is derived in a double-foliation formalism.
Discussion
In this paper, we have organized a systematic and robust approach that can be used to study the variational principle and to derive the canonical structure of the gravitational theory whose dynamical field is the spacetime metric and its action consists of derivatives of metric. As a first example, we have used this approach for General Relativity when the boundaries of spacetime are non-null. We have reviewed and rederived the well-known results in this case, like the boundary and corner actions and the canonical structure. Then, we turned to the same theory on spacetimes whose boundaries contain null segments. We 10 Note the difference with the standard √ hK term. 11 We haven't repeated the analysis of the corner terms, which is similar to that in section 2 have found the recently derived results in this case with a different approach, besides a new canonical pair that was missing in previous works, due to a restriction on variations. This data can be important in problems where the boundary of the spacetime region under study changes its character. Examples are dynamical black hole horizons, apparent horizons and other dynamical trapping horizons in quasi-local descriptions of black holes (see for example [22, 23] ).
We have shown that double-foliation of spacetime provides a clear picture and powerful tool, not only when one deals with null boundary segments or corners, but also in deriving general results for boundaries of arbitrary character with unrestricted variations. We have expressed the details of general double-foliation of spacetime and variations in that framework in appendices A and B. Derivative of variation of metric is derived explicitly, in this framework in appendix C. Finally, in appendix D, we have decomposed completely the Riemann and Einstein tensors.
The canonical structure that is derived in covariant formulation, coincides with canonical pairs that are found in Hamiltonian formulation of Einstein theory on spacetimes with nonnull boundaries. There remains the task of comparing the canonical structure in a null boundary case with the Hamiltonian approach. In order to provide a counting of degrees of freedom on null boundaries, one also needs the classification of various components of the equations of motion. The Hamiltonian formulation in double-null foliation of spacetime has been studied before [13, 16] . But a general double-foliation that fulfills the required framework for unified treatment of general hypersurfaces is missing. We will return to this problem in our next work.
For higher-derivate theories of gravity, such as Lanczos-Lovelock theory, there have been several attempts to find the boundary and corner actions (see [10, 24, 25] ). A future study is to investigate this problem with the systematic approach that is developed in this paper. The canonical structure of these theories has not been derived in general, using the variational methods. Our approach may help to step forward in that direction too. A related problem is the study of conserved charges on general boundaries. The celebrated covariant phase space method that is proposed in [26] and used for conserved charges at null infinity in [27] , was applied to finite bounded regions of spacetime in [28, 29] . A relevant question would be the role of the new canonical pair found in this paper in the symplectic form and the resulting conserved charges.
A General Double Foliation
One of the key elements in our analysis is the usage of a double foliation of spacetime which is general in any sense except that it is adapted to the boundary segment B; i.e. the null boundary hypersurface is a leaf of one of the foliations. These foliations are set up by φ 0 and φ 1 , which are scalar fields on the spacetime near the boundary. The null boundary segment B is a level surface of φ 0 . The intersection of any two level surfaces of φ 0 and φ 1 is a d − 2 dimensional surface called S.
We define two null normals to S as
On the null boundary we set B = 0, so that ℓ a B = A ∇ a φ 0 . This implies that ℓ a is normal to the null boundary.
In a double foliation framework, we can write the spacetime metric as
where i, j ∈ {0, 1} and A, B ∈ {2, . . . , d − 1}, σ A are coordinates on co-dimension two surface S and β A i are shift vectors. The normal metric H ij consists of laps functions as
We can compute the vectors ℓ a and k a , which are
and thus,
We can write
These relations are similar to the well-known relation for extrinsic curvature in 3 + 1 decomposition. We can also find the relation between twist variables ω a , η a andη a in terms of laps functions as:
and the acceleration
B Variation of Geometric Objects
The null 1-forms ℓ a and k a are varied as
which can expressed in terms of ℓ a and k a by inverting (73).
These relations on the null hypersurface, where B = 0, results in
comparing with eqs. (50) and (51) we find:
we notice that the expression forδµ 3 can be written asδµ 3 = δ(ln √ H), where H = (AD − BC) 2 is the determinant of transverse metric. It means thatδµ 3 is in fact variation of some function.
We can find the relation betweenδu 1 and variation of the shift vectors β A i as
Using definitions in (44), and (46), we can find the following relation for δΘ:
where we also used some relations in (102) of next appendix. Similarly for δΞ we get:
Also for other objects we have:
Decomposing this expression, using
To derive the above expression we have used the following relations:
To write the expression (101) in terms of variation of geometrical objects associated with the null hypersurface, namely δΘ ab , δΞ ab , δω a , δη a , δη, δκ and δκ, we use the results of appendix B, the eqs. (93) to (99), and find:
D Complete Decomposition of the Riemann tensor
In this appendix, we first decompose the Riemann tensor in normal and tangential to the co-dimension two surfaces S. These are counterparts to the Gauss-Coddazi-Ricci equations in standard 3+1 formalism. The components of spacetime curvature tensor are expressed in terms of intrinsic and extrinsic geometrical objects of the co-dimension two surfaces S. The number of independent components of the Riemann tensor in d-dimensions is
. By contracting the indices of the Riemann tensor with the projector q a b and vectors ℓ a and k a , we can find all of structures and their number in table 1. There we have used the symmetries of the Riemann tensor in counting the independent components of each structure which sum up to match that of the Riemann tensor. Among these symmetries are the Bianchi identities, which contribute in counting, by a subtraction of table (
3 ) in second line of table 1. In the following, we compute each of the structures 1 in terms of geometrical properties of the co-dimension two surface S. The Gauss relation can be obtained by using Ricci equation
where X is an arbitrary vector tangent to S, and D is the covariant derivative compatible with its induced metric and R is the intrinsic curvature of that surface. Using the definition of D: D a V b = q c a q d b ∇ c V d , and the relation for q, we can find:
Because X is general, we can write the above relation as 
in which LHS is of the first structure in table 1.
To obtain other relations, we can use the Ricci relation in spacetime: 
where V is an arbitrary vector on spacetime. Substituting one of ℓ or k instead of V and contracting the indices in both side of (107), with q, ℓ or k, we can find all other relations as follows: 
q a e ℓ f q c g R ef gd k d = a c a a + η a η c + κΘ ac − Θ a d Ξ cd − q a e q c g k
q a e ℓ f k g R ef gd ℓ d = −κa a − η e Θ ae + η a κ − a e Ξ ae + κω a + Θ ae ω e + q af ℓ e ∇ e ω f − D a κ = −κa a − η e Θ ae + η a κ − a e Ξ ae + κω a + q * L ℓ ω a − D a κ (113)
In these equations, q * L is the Lie derivative projected on S, e.g. q * L ℓ Θ ab = q a c q b d L ℓ Θ cd . Equations (106) and (108) to (115) give the complete set of nine different structures of contracted Riemann tensor in table 1. Similar relations can be obtained for the Ricci tensor as follows:
The Ricci scalar turns out to be R = R − 4κ(Θ + κ) + 2 Θ ab Ξ ab − 2 Θ Ξ − 2 η a ω a + 2 η a ω a − 2η a η a − 4 η a η a − 2 a a a a
Finally, we decompose the Einstein tensor. Projecting G ab on co-dimension two surfaces S gives 
where G ab is the Einstein tensor on S. It is identically zero in a four-dimensional spacetime, where S has two dimensions. The qℓG, qkG, ℓℓG and kkG components are the same as eqs. (117) to (120) for corresponding components of Ricci tensor. The last component ℓkG is
